ABSTRACT. A shaped triangulation is a finite triangulation of an oriented pseudo three manifold where each tetrahedron carries dihedral angles of an ideal hyberbolic tetrahedron. To each shaped triangulation, we associate a quantum partition function in the form of an absolutely convergent state integral which is invariant under shaped 3 − 2 Pachner moves and invariant with respect to shape gauge transformations generated by total dihedral angles around internal edges through the Neumann-Zagier Poisson bracket. Similarly to Turaev-Viro theory, the state variables live on edges of the triangulation but take their values on the whole real axis. The tetrahedral weight functions are composed of three hyperbolic gamma functions in a way that they enjoy a manifest tetrahedral symmetry. We conjecture that for shaped triangulations of closed 3-manifolds, our partition function is twice the absolute value squared of the partition function of Techmüller TQFT defined by Andersen and Kashaev. This is similar to the known relationship between the Turaev-Viro and the Witten-Reshetikhin-Turaev invarints of three manifolds. We also discuss interpretations of our construction in terms of three-dimensional supersymmetric field theories related to triangulated three-dimensional manifolds.
INTRODUCTION
Topological Quantum Field Theories were discovered and axiomatized by Atiyah [2] , Segal [38] and Witten [51] . First examples in 2 + 1 dimensions were constructed by Reshetikhin and Turaev [35, 36, 47] by using the combinatorial framework of Kirby calculus, and by Turaev and Viro [48] by using the framework of triangulations and Pachner moves. The algebraic ingredients of both constructions come from the finite dimensional representation category of the quantum group U q (sl(2)) at roots of unity. For example, the basic building elements in Turaev-Viro construction are tetrahedral weight functions given by 6j-symbols. These theories have been the subject of much subsequent investigation in the works of Blanchet, Habegger, Masbaum, Vogel, Barrett, Westbury, Turaev, Virelizier, Balsam, Kirillov and others [7, 8, 6, 49, 4] . A related but somewhat different line of development was initiated by Kashaev in [27] where a state sum invariant of links in three manifolds was defined by using the combinatorics of charged triangulations where the charges are algebraic versions of dihedral angles of ideal hyperbolic tetrahedra in finite cyclic groups. This approach has been subsequently developed by Baseilhac, Benedetti, Geer, Kashaev, Turaev [3, 20] . The common feature of all these theories is that the partition functions are always given by finite state sums.
On the other hand, the idea of partition functions of Turaev-Viro type originates from the work of Ponzano and Regge [33] where, based on SU (2) 6j-symbols, a lattice version of quantum 2 + 1 gravity was suggested, but this theory was not complete and remained of restricted use because of problems of convergence of infinite sums. Similar problems of convergence appear when one tries to construct combinatorial versions of quantum ChernSimons theories with non-compact gauge groups. For example, a connected component of P SL(2, R) Chern-Simons theory is identified with Teichmüller space, and its quantum Supported in part by Swiss National Science Foundation and United States National Science Foundation. 1 theory corresponds to specific class of unitary mapping class group representations in infinite dimensional Hilbert spaces [26, 9] . Based on quantum Teichmüller theory, formal state-integral partition functions of triangulated three manifolds were defined by Hikami, Dimofte, Gukov, Lenells, Zagier, Dijkgraaf, Fuji, Manabe [22, 23, 14, 10, 11] , mostly for the purposes of quasi classical expansions, but the question of convergence remained largely open until a mathematically rigorous version of Teichmüller TQFT was suggested in [1] . The convergence property of Teichmüller TQFT is due its specific underlying combinatorial setting: it is not just triangulations but shaped triangulations where each tetrahedron carries dihedral angles of an ideal hyberbolic tetrahedron. Moreover, the role of dihedral angles is two-fold: they not only provide absolute convergence of state integrals but they also implement the complete symmetry with respect to change of edge orientations. Although, shaped triangulations are similar to charged triangulations of [27] , the positivity condition of dihedral angles imposes important restrictions on construction of topologically invariant partition functions.
The purpose of this paper is to suggest yet another TQFT based on combinatorics of shaped triangulations. As its basic building block is defined in terms of Faddeev's quantum dilogarithm [17] and the absolute convergence of partition functions relies on the positivity of dihedral angles, it is similar to the Teichmüller TQFT. As a consequence, we are still restricted in our abilities of constructing topologically invariant partition functions in the sense that the 2 − 3 shaped Pachner move is not always applicable. On the other hand, unlike the Teichmüller TQFT, our tetrahedral weight functions enjoy manifest tetrahedral symmetry and the partition function is well defined on any shaped triangulation without any extra topological restrictions.
Let us now describe our construction in precise terms. 
where ∂ i e, i ∈ {0, 1}, are the two end points of e (they coincide if the edge is a loop). A state is called pure gauge if it finds itself in the image of the state gauge map. The pure gauge states constitute a vector subspace of the state space. Let S be a set. A function f :
Note that a gauge fixing at a vertex may not exist if the state gauge map is not injective.
In what follows, a real valued function defined on only a subset of vertices will always be thought of as a state potential having zero values on the vertices where initially it was not defined.
1.2. Shaped tetrahedra and their Boltzmann weights. Let T be an oriented tetrahedron embedded into R 3 together with its standard CW -complex structure. Let (T ) be the set of normal quadrilateral types (to be called quads) in T which is in bijection with the set of pairs of opposite edges of T . We fix the action of Z/3Z = {1, τ, τ 2 } on (T ) so that the images of a quad q under the action are q, q ′ = τ (q) and q ′′ = τ 2 (q) corresponding to the clockwise cyclic order of three edges around a vertex (as seen from the outside of the tetrahedron). We say T is shaped tetrahedron if it is provided with a dihedral angle map α : (T ) →]0, π[, such that α(q) + α(q ′ ) + α(q ′′ ) = π. Associated to α, the complex shape variables entering Thurston's hyperbolicity equations are given by a map z α : (T ) → C \ {0, 1} defined by the formula
Any state s : ∆ 1 (T ) → R induces a maps : (T ) → R defined by the formulas(q) = s(e) + s(e ′ ), where the e and e ′ are the opposite edges separated by q. To each pair (T, s) consisting of a shaped tetrahedron T and a state s of T , we associate the following Boltzmann weight
where function γ (2) (z; ω 1 , ω 2 ) is defined below in (22) with ω 1 , ω 2 ∈ C and ω 1 /ω 2 / ∈ (−∞, 0]. It is easily verified that this Boltzmann weight is state gauge invariant at any state.
Shaped triangulations and their Boltzmann weights.
A triangulation is an oriented pseudo 3-manifold obtained from finitely many tetrahedra in R 3 by gluing them along triangular faces through orientation reversing affine CW -homeomorphisms. Any triangulation X is naturally a CW -complex and its boundary ∂X is the CW -subcomplex composed of unglued triangular faces. We will use the following notation:
A shaped triangulation is a triangulation where all tetrahedra are shaped. Similarly to the case of one shaped tetrahedron, to each pair (X, s) consisting of a shaped triangulation X and a state s of X, we associate a Boltzmann weight
Again, this Boltzmann weight is state gauge invariant at any state.
The partition function of shaped triangulations.
A boundary state of a trianguation X is a state of its boundary. We have the natural linear restriction map from the vector space of states of X to the vector space of its boundary states
and for any boundary state s, we have a canonical identification of the preimage ∂ −1 (s)
with the linear space R ∆1(X) of real valued functions on the interior edges of X. A state gauge fixing in the interior of a triangulation X is a collection
of gauge fixings at all interior vertices. Notice that for any triangulation the state gauge map is injective and state gauge fixings exist at any vertex. To any triple (X, s, λ), where X is a shaped triangulation, s is a boundary state of X, and λ is a state gauge fixing in the interior of X, we associate a partition function
and b = ω1 ω2 . The main result of this paper is the following theorem where we use the notions of shaped 3 − 2 Pachner moves and shape gauge transformations considered in [1] . Several examples of explicit calculations make us to believe that for shaped triangulations of closed 3-manifolds, when the Teichmüller TQFT is defined as well, our partition function is twice the absolute value squared of the partition function of the Techmüller TQFT. This is similar to the known relationship between the Turaev-Viro and the WittenReshetikhin-Turaev invarints of three manifolds.
Conjecture 1.
Let (X, ℓ X ) be an admissible shaped levelled branched triangulation of a closed oriented compact three manifold in the sense of [1] . Then the following equality holds true
The rest of this paper is organized as follows. Section 2 contains the proof of the main Theorem 1. In Section 3, we derive the pentagon identity which underlies the invariance of our partition function with respect to shaped 3 − 2 Pachner move from the elliptic beta-integral. In Section 4 we provide examples of concrete calculations which justify Conjecture 1. Section 5 is devoted to some considerations from the perspective of 3d supersymmetric field theories. Namely, based on our construction we get a class of 3d supersymmetric field theories defined on a squashed three-sphere S 3 b related to triangulated three-dimensional manifolds. The latter relation is known as 3d/3d correspondence which is the topic of recent study [44, 12, 13, 45] . Appendices contain some technical information on the special functions used.
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Denote by p : Y → X the identification projection, and by p * : R ∆i(X) → R ∆i(Y ) the corresponding pull-back maps. Let s and s ′ be states of X such that
Using the fact that B(X, r) = B(Y, p * (r)) for any state r of X, equation (11) is equivalent to
As we assume that the statement of the lemma is true for Y , there exists g ∈ R ∆0(Y ) such that p * (s) = bg. Let us show that there exists g
Indeed, let triangles f and f ′ have respective vertices v i and v ′ i and edges e i and e
and
That means that when applied to edges e i and e ′ i , the equality p * (s) = bg gives
Taking sum over i in the last equation, we obtain ξ = 3ξ ⇔ ξ = 0 which implies that
Thus, we have the equality p
, and as p * is injective, we conclude that s = bg ′ .
Proof of Theorem 1. By injectivity of the state gauge map in the case of triangulations and Lemma 1, the state gauge map image of the group R ∆0(X) is the maximal translation subgroup of the state space of X which leaves invariant the boundary state s and the Boltzmann weight B(X, t). On the other hand, the product of delta functions δ( λ, t ) restricts the integral to a hyperplane in the space R ∆1(X) ≃ b −1 (s) which intersects any orbit of this group action in a unique point, while the Boltzmann weight exponentially decays along any direction in this hyperplane. This implies that the integral in (8) is absolutely convergent.
Independence on the choice of the state gauge fixing λ easily follows through the use of a simplest finite-dimensional version of the Faddeev-Popov trick in path integrals for gauge invariant systems 1 [29] . Indeed, if t is a state of X and λ ′ a state gauge fixing in the interior of X, then we have the identity
where
1 Similarly to QED, our system is linear and the Faddeev-Popov determinant is trivial so that no ghosts are needed.
Inserting (16) into (8), exchanging the order of integrations, shifting the integration state variables, using the gauge invariance of the Boltzmann weight, again exchanging the order of integrations, and again using identity (16) with λ ′ replaced by λ, we obtain
Invariance under 3 − 2 shaped Pachner moves is a consequences of the shaped pentagon identity for the tetrahedral Boltzmann weights, which in its turn is equivalent to identity (31) , provided the relevant integration variable does not enter the product of deltafunctions δ ( λ, t ). This condition can always be satisfied by appropriate choice of λ.
Finally, the gauge transformation in the space of dihedral angles induced by an edge e, see [1] , is equivalent to an imaginary shift of the integration variable s(e), which, by using the holomorphicity of the Boltzmann weights, can be compensated by an imaginary shift of the integration path in the complex s(e)-plane.
PENTAGON IDENTITIES FROM ELLIPTIC BETA-INTEGRAL
Let us start from Spiridonov's elliptic beta-integral [39] 
where parameters s = {s 1 , . . . , s 6 } satisfy the so-called balancing condition
. Also in (19) the building block is the elliptic gamma function defined as
with |z| < 1 and two basis parameters |p|, |q| < 1. Here we use the following useful conventions
The elliptic gamma function has the following limit when all its parameters and the two basis paramteres simultaneously go to unity [37] Γ(e 2πirz ; e 2πirω1 , e
where on the right hand side one has the so-called hyperbolic gamma function
with the redefined basis parameters
and B 2,2 (u; ω 1 , ω 2 ) denoting the second order Bernoulli polynomial,
The conventions,
are applied further. Also we are going to use the following reduction of the hyperbolic gamma function [37] 
where Γ(u) is the usual gamma function. The relation between the hyperbolic gamma function and Faddeev's quantum dilogarithm is presented in the Appendix where we collect all the definitions and properties of the special functions.
3.1. The first pentagon. Let us start from elliptic beta-integral (19) and reparametrize parameters as
and use the limit of elliptic gamma function (21) to get
where the balancing condition becomes
To get the new form of the pentagon one should proceed as follows. Let us take reparameterization [41] 
which preserves the balancing condition and consider the limit µ → ∞. We use the inversion relation γ (2) (z, ω 1 + ω 2 − z; ω 1 , ω 2 ) = 1 (27) and the asymptotic formulas
and shifting the integration variable u → u + µ to get
Let us introduce now the following function
after which we rewrite (29) as
where we used the inversion relation for the hyperbolic gamma function. The geometric meaning of the pentagon relation (31) can be seen in the figure below. Note that by the inversion formula (27), we have
Therefore, the right hand-side of (31) is the Boltzmann weight for the union of two tetrahedra and the left-hand-side of (31) is the integration of the Boltzmann weight of three tetrahedra.
From (31) we see that the function B satisfies pentagon identity. It will be natural to suggest that the original elliptic beta-integral should also satisfy some kind of pentagon identity, but to our knowledge it is not realized so far. Recently in papers [5] it was realized that the elliptic beta-integral satisfies the Yang-Baxter star-triangle relation (see also [41] ) with the Boltzman weight W α (x, y) = Γ(e α x ±1 y ±1 ; p, q). So, instead of 2 − 3 Pachner move the elliptic beta-integral (19) satisfies 3 − 3 Pachner move [28] which might be relevant for construction of quantum invariants of four-dimensional manifolds. Moreover, the elliptic hypergeometric integrals describe specific partition functions of 4d N = 1 SYM theories known as superconformal indices [15, 42] . Combining these facts together one expects that triangulations of four-dimensional manifolds can be connected to fourdimensional N = 1 supersymmetric field theories.
One has the following orthogonality relations for the B function:
3.2. The second pentagon. Let us rewrite (31) as
Applying the limit ω 2 → ∞ to (33) and using (24) we get
where B(x, y) is the usual beta-function
Taking the limit ω 2 → ∞ in (32) one gets analogous orthogonality relations for the beta-integral.
EXAMPLES OF CALCULATIONS
We will use the following notation
and also
Further we will use the ψ function defined as
see also (101). We also have the equality
which is equivalent to (100).
One vertex H-triangulation of (S
, we have one tetrahedron T with linearly ordered vertices (enumerated by 0, 1, 2, 3) and with the face identifications
represented by diagram 1 The quotient space X is a triangulation of S 3 with only one vertex v and two edges: e 1 knotted like trefoil and having as preimage the only egde 03 of T , and e 2 having as preimages all other five edges of T . The Boltzmann weight reads
where α i := α(q i ) with q ∈ (T ) being the quad corresponding to the opposite edge pair (03, 12) of T , and s i := s(e i ). Choosing the gauge fixing map λ so that λ v , s = s 1 /2, we obtain the following integral for the partition function:
which under substitution of (38) is calculated as follows
As in [1] , the partition function diverges in the H-balanced limit α 0 → 0, so that it makes sense only to consider the ratios of partition functions. Thus, we define the renormalized partition functionW b (S 3 , 3 1 ) = 1.
4.2.
One vertex H-triangulation of (S 3 , 4 1 ). In the graphical notation of [1] , let X be given by the diagram where the figure-eight knot is represented by the edge of the central tetrahedron T connecting the maximal and the next to maximal vertices. This Htriangulation of (S 3 , 4 1 ) consists of two positive T and T L to the left from the central tetrahedron and one negative T R -to the right. One has the following identification of the faces
Identifying the corresponding edges, one gets
and one has also the edge x ′ ≡ x 23 . Then for the partition function we have
Now, using (38) and (101) we continue as follows:
As the complete balancing conditions take the form β 1 = γ 1 and β 2 = γ 2 , we finally obtainW
4.3. One vertex H-triangulation of (S 3 , 5 2 ). In the graphical notation of [1] , let X be given by the diagram 1 One vertex H-triangulation of (S 3 , 5 2 ) consists of 4 tetrahedra: T which is a negative tetrahedron and is sitting in the center of the above picture, and T 1 , T 2 , T 3 are positive tetrahedra (T 1 is on the left from the central tetrahedron, T 2 on the right and T 3 is on top). One has to identify the following faces of four tetrahedra:
From the identification of the faces we get the following equalities for the edges
13 ;
and just x 23 . Here, the superscripts (1), (2) and (3) refer to tetrahedra T i , i = 1, 2, 3.
The partition function for this one vertex H-triangulation of (S 3 , 5 2 ) is equal to the integral of the product of four Boltzmann weights of four tetrahedra
where x i = x 0i , i = 1, 2, 3 and also we denote x
03 . Here one has
then writing the definition for ψ(a, b) one gets
Changing the integration variables
we getW
Finally using the inversion relation (88) and shifting integration variables
In the complete balancing case δ 2 = β 3 + γ 2 , δ 1 = γ 3 = β 1 , one gets
4.4.
One vertex H-triangulation of (S 3 , 6 1 ). First of all we start from describing of an H-triangulation of (S 3 , 6 1 ). In the graphical notation of [1] , let X be given by the diagram This one vertex H-triangulation of (S 3 , 6 1 ) consists of 5 tetrahedra: T 1 and T 3 which are positive tetrahedra and T 2 , T 4 , T 5 − negative tetrahedra. In the above picture, tetrahedra T 1 , T 3 and T 5 are situated on the bottom row in the same order from left to right and T 2 , T 4 lie on the upper row from left to right. According to the picture one has to identify the following faces of five tetrahedra:
From the identification of faces we get the following equalities for the edges 
and just x
01 . Here, the superscripts (1), (2), (3), (4), and (5) refer to tetrahedra T i , i = 1, . . . , 5.
The partition function for this one vertex H-triangulation of (S 3 , 6 1 ) is equal to the integral of five Boltzmann weights of five tetrahedra
23 /2)
01 − x 
where we fixed the edge x
(1) 23 and
now we can change variables x (2) 02 → x (2) 02 + x
03 → x
01 and x
13 → x (1) 13 + x (2) 01 and one gets
01 )dx (2) 02 dx (1) 13 dx (1) 03 dx (2) 01 , where δ 3 = ∆(π − δ 1 − δ 2 ). Using now relation (100) we rewrite the latter expression as
02 + x
03 dx (2) 01 , and using the definition for ψ function we get
where we can take the integral over x (2) 02 and x (1) 03 which produce two delta functions δ(−u + s − t) and δ(−v − u) respectivelỹ
taking the integrals over t and v one gets
Let us consider reparametrization
13 dx (2) 01 duds. (63) which is equal tõ
, demonstrating the factorization for the H-triangulation of (S 3 , 6 1 ) and which is consistent with Conjecture 1.
In the complete balancing case one has
simplifying (64) to the following expression after shifting
5. APPLICATION TO 3d SUPERSYMMETRIC FIELD THEORIES 5.1. 3d supersymmetric theories living on a squashed three-sphere. Following the work of Pestun [32] , the partition functions of 3d N = 2 supersymmetric theories, defined on a squashed three-sphere S 3 b , were calculated in the papers [25, 24, 21] by using the localization method. These partition functions are given in the form of integrals with the integrands composed of hyperbolic gamma functions [50, 16] . For any 3d N = 2 supersymmetric theory defined on S 3 b with a gauge group G and a flavour group F , the corresponding partition function has the following structure
Here the integral is taken over u j -variables which are associated with the Weyl weights for the Cartan subalgebra of the gauge group G and the f k 's denote the chemical potentials for The result of localization allows us to relate the physical theory with some matrix integral of the form (66). Also we can invert the logic: having some matrix integral of the type (66) one can find a 3d N = 2 supersymmetric field theory whose partition function is given by this matrix integral [16] . Thus, all the partition functions which we get by considering (8) can be interpreted as partition functions for some 3d N = 2 supersymmetric field theories. Moreover, as the expression (8) corresponds to some triangulation of a 3-dimensional manifold M , we obtain a link between 3-manifolds and 3d N = 2 supersymmetric field theories defined on S 3 b . This is known as a 3d/3d duality considered recently in [44, 12, 13, 45 ] (see also [43] for the relation of the objects to four-dimensional supersymmetric field theories).
In [12] , the state variables live in the faces, while in our case the state variables live on the edges. To get a 3d theory from 3d manifold M one has to triangulate this manifold and calculate its partition function (8) and then interpret this expression as a partition function (66). One should notice that every common edge corresponds to abelian gauge group.
Let us start from our building block: the tetrahedral Boltzmann weight composed of three hyperbolic gamma functions, each corresponding to the contribution coming from the 3d N = 2 chiral hypermultiplet. Namely,
corresponds to three chiral superfields Q i , i = 1, 2, 3, with SU (3) global symmetry group (since
which has a correct R-charge. This can be easily seen from the fact that the dihedral angles α i , i = 1, 2, 3 correspond to R-charges of three chiral superfields. And since
The first non-trivial case of a 3d theory with a non-trivial gauge group is the pentagon identity (31) (once again we stress that it is a 2 − 3 Pachner move) when we take two positive tetrahedra and glue them together over the common face. The partition function of two glued tetrahedra having vertices (0, 1, 2, 4) and (0, 2, 3, 4) is
which is the partition function for a theory A which consists of six 3d N = 2 free chiral hypermultiplets with F = SU (3) × SU (3) × U (1) global symmetry group. Here we have α 1 = a 2 + b 1 , α 2 = a 3 + b 2 , β 1 = a 1 + b 2 and β 2 = a 3 + b 1 . Here each SU (3) corresponds to separate tetrahedron and U (1) group distinguishes the two tetrahedra. At the same time, using 2 − 3 Pachner move, two glued 2 From physical point of view, f k 's are linear combinations of the R-charge, the masses of the hypermultiplets, and the Fayet-Illiopoulos terms associated to the additional Abelian global symmetries. tetrahedra can be considered as three tetrahedra with the vertices (0, 1, 2, 3), (0, 1, 3, 4) and (1, 2, 3, 4) having a common edge x 04 whose partition function is
× B(∆a 2 + i∇(x 12 + x 34 − x 13 − x 24 ), ∆b 2 + i∇(x 13 + x 24 − x 14 − x 23 )) (69) ×B(∆a 3 + i∇(x 01 + x 34 − x 03 − x 14 ), ∆b 3 + i∇(x 03 + x 14 − x 04 − x 13 ))dx 13 ,
Expression (69) gives a partition function for 3d N = 2 SQED theory B (which has U (1) gauge group) with 3 flavors and overall F = SU (3)×SU (3)×U (1) global symmetry group and 2 singlet baryons. There are three tetrahedra in this picture so one can think of SU (3) 3 global symmetry group but the part of this, namely, U (1) becomes a gauge group leaving SU (3) × SU (3) × U (1) global symmetry group.
Since (68)=(69) the partition functions for theories A and B are the same which suggests the duality between these theories. Generally, different triangulations of 3-manifolds produce different phases of the same theory, in other words, we get dual descriptions for 3d supersymemtric field theories related to a given 3-dimensional manifold.
One can continue further and construct triangulations for other 3-manifolds and relate them to 3d supersymmetric field theories. As a next example, we consider four tetrahedra built from vertices (0, 1, 2, 5), (0, 2, 3, 5), (0, 3, 4, 5), (0, 1, 4, 5) glued together over a common edge x 05 to form an octahedron. We have four tetrahedra: three positive T 1 , T 2 , T 3 and one negative T 4 . These tetrahedra have the following vertices: T 1 = {0, 1, 2, 5}, T 2 = {0, 2, 3, 5}, T 3 = {0, 3, 4, 5}, T 4 = {0, 1, 4, 5}. Identifying the faces, we get
from which we get
05 , x
25 , x
02 , x
35 , x 
so that the partition function is equal to
which corresponds to the partition function of 3d N = 2 SQED theory with 4 flavors and four singlet baryons with the overall global symmetry SU (3) 3 × U (1). Octahedron can be also represented by gluing five tetrahedra which is not so obvious from geometrical point of view and will be much easier to see from the next subsection using the Bailey tree technique. As we will show the triangulation with five tetrahedra gives a dual description of the starting theory in terms of a quiver gauge theory with U (1) × U (1) gauge group.
Continuing further and gluing more tetrahera one gets a class of 3d supersymmetric field theories corresponding to a given triangulation of a 3-manifold. For example, gluing F tetrahedra along one common edge one gets the partition function for 3d N = 2 SQED theory with F flavors and F additional singlet baryons which has SU (3)
F −1 ×U (1) global symmetry group (since U (1) becomes a gauge group).
Bailey tree technique.
There is an alternative way to see the results of the previous subsection based on the application of Bailey tree technique for hyperbolic integrals (very much in the spirit of [40] ). This approach gives an algebraic way of getting the partition functions and relates the triangulated 3-dimensional manifolds from one hand side, and 3d supersymmetric field theories defined on a squashed three sphere, from the other. The Bailey tree technique is useful for tracking different triangulations related to each other by 2 − 3 Pachner move from the algebraic viewpoint.
Definition 1.
We say that two functions α(z, t) and β(z, t), z, t ∈ C form an integral hyperbolic Bailey pair (the hyperbolic level) with respect to the parameter t if
Theorem 2 (follows from Theorem 1 [40] ). Whenever two functions α(z, t) and β(z, t) form an integral hyperbolic Bailey pair with respect to t, the new functions
form an integral hyperbolic Bailey pair with respect to parameter s + t.
Proof. The proof is similar to the proof in the elliptic case [40] . We start from the definition for β ′ (w, s + t):
where we substitute β(x, t) from equation (73):
In the latter expression we can apply formula
From identity (77) one gets the following Bailey pair
where 2t +
The pentagon identity permits us to define a particular Bailey pair thus giving the definition for Bailey pairs a topological interpretation in terms of the 2-3 Pachner move. In other words, the construction of new Bailey pairs through Theorem 2 corresponds to changing a triangulation by the 2-3 Pachner move.
In the case of an octahedron triangulated into four tetrahedra which we considered in the previous subsection, the partition function (78) can be written as
On the other hand, this expression is equal to (76)
which corresponds to triangulation of the octahedron in terms of five tetrahedra. Repeating this procedure, one can further increase the number of tetrahedra thus obtaining new equalities for dual 3d supersymmetric field theories related to these triangulations.
RELATIONSHIP TO REPRESENTATION TO P SL(2, C)
In this section, we briefly discuss the relationship between the invariant W b (X, s, λ) and representations of the corresponding fundamental group into P SL(2, C) and simplicial Chern-Simons theory.
6.1. Angle structures and representations of fundamental groups to P SL(2, C). For simplicity, let us assume that X = (M, T ) is an oriented triangulated closed pseudo 3-manifold, i.e., ∂X = ∅, where M is the underlying pseudo 3-manifold and T is the triangulation. Let (T ) be the set of all quads in T . Recall that Z/3Z = {1, τ, τ 2 } acts on (T ) corresponding to the cyclic order of three edges around each vertex. For q ∈ (T ), we will use q ′ and q ′′ to denote τ (q) and τ 2 (q) below. A shaped structure on X (or T ) is a function α : (T ) → (0, π) so that α(q) + α(q ′ ) + α(q ′′ ) = π for all q ∈ (T ). The weight of a shape structure α is the function f : ∆ 1 (T ) → R sending each edge e to f (e) = q∼e α(q) where q ∼ e means the quad q faces the edge e. In particular, an angle structure is a shaped structure whose weight at each edge is 2π.
The invariant W b (X) in Theorem 1 is defined for each shaped triangulation, i.e.,
by a 2-3 Pachner move so that β is the angle structure on T 2 induced by the angle structure α on T 3 . (The equation for defining β from α is indicated in figure 1 .) In general, there are many different (or may be none) angle structures on T 3 inducing the same angle structure on T 2 . These different angles structures are related by a gauge transformation induced by the degree 3 edge in T 3 . Theorem 1 says that W b (M ; T , α) depends only on the (edge type) gauge equivalence class of the shaped structure α.
We will describe briefly the edge type gauge equivalence class now. Recall that a tangential angle structure on T (see [30] ) is a map x : (T ) → R so that for each q ∈ (T ), x(q) + x(q ′ ) + x(q ′′ ) = 0 and for each edge e ∈ ∆ 1 (T ), q∼e x(q) = 0. Thus the space of all tangential angle structures is a vector space, denoted by T AS(T ). For any shape structure α, v ∈ T AS(T ) and small t, β = α + tv is still a shape structure so that β and α have the same weight. A generating set of vectors for T AS(T ) was well known and can be described as follows. Consider the vertex link lk(v) of a vertex v ∈ ∆ 0 (T ). Let s be an edge loop in the dual CW-decomposition of the triangulated surface lk(v). The loop s can be described as a sequence of triangles {t 1 , ..., t n } and edges {ǫ 1 , ..., ǫ n } in lk(v) so that ǫ i is adjacent to t i and t i+1 (t n+1 = t 1 ). Since each t i corresponds to a tetrahedron T i and each ǫ i corresponds to a co-dimension-1 face F i in T , each T i contains a unique quad q i facing the edge One checks easily that g s ∈ T AS(T ). In particular, if s is the loop around a vertex u in lk(v), then g s is the gauge transformation associated to the edge e corresponding to u. Two shaped structures α and β on T are edge type gauge equivalent if their difference α − β is a linear combinations of g s 's for edge loops s which are around vertices in vertex links. Theorem 1 says that W b (M ; T , α) depends only on the edge type gauge equivalence classes. A theorem in [46] shows T AS(T ) is generated by vectors g s . Define the angle holonomy α(s) of a shaped structure α along an edge loop s in lk(v) to be n i=1 α(q i ). The work of [46] and [1] show two shaped structures are edge type gauge equivalent if and only if they have the same angle holonomy along any edge loop s in vertex links. This suggests a way to represent the edge type gauge equivalence class of shaped structures using volume optimization. Namely, given a shaped structure α, let A α be the set of all shaped structures on T edge type gauge equivalent to α. The volume of a shape structure is the sum of the volume of the hyperbolic tetrahedra determined by the shape. It is well known that volume is a strictly concave function of shape structure α. In particular, there is at most one shape structure β ∈ A α which has the maximum volume. Note that it may not exist in A α , i.e., the maximum volume point may appear in the boundary of the closure of A α . Suppose now that α is an angle structure and the maximum volume β exists in A α . Then by the standard volume optimization method (see [34] , [19] , or [30] ), one sees that the complex shape parameter z β given by (3) associated to β satisfies Thurston's gluing equation. Therefore, it produces a representation ρ of π 1 (M − ∆ 0 (T )) to P SL(2, C) so that for any edge loop s in lk(v), the eigenvalues of ρ(s) are of the form re It can be proved that solutions to Thurston's equation over the real numbers on (M, T ) correspond to nowhere zero solutions to HTE. The main observation in [31] is that critical points of an entropy function of the form n i=1 x i ln(|x i |) are nowhere zero solutions to HTE. The converse also holds if M is a closed 3-manifold.
Our pentagon relation (34) implies the following pentagon relation for the entropy. Namely, given five positive numbers a 1 , a 2 , b 1 , b 2 , b 3 so that 
in the strip |Imz| < |Imc b |, where
It is usefull to define 
symmetry
functional equations
inversion property
zeros z ∈ c b + mib + nib −1 ; m, n ∈ Z ≥0 ,
